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In this paper, an analytical solution for the dynamic response of a half-space porous medium subjected to a moving
point load is derived. In the model, the displacements of the solid skeleton and the pore pressure are expressed in terms
of two scalar potentials and one vectorial potential. Based on Biot’s theory, the frequency domain Holmholtz equations for
the potentials are derived through the Fourier transformation with respect to time. The general solutions for the potentials
are derived through the Fourier transformation with respect to the horizontal coordinates. Numerical results suggest that
moving loads have very complicated eﬀects on the dynamic response of the porous medium. Generally speaking, a moving
load with a high speed will generate a larger response in the porous medium than a static or a lower speed load.
 2006 Elsevier Ltd. All rights reserved.
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The problem of a half-space elastic medium subjected to moving loads is of fundamental importance for
transportation, civil and earthquake engineering. For example, noises and vibrations caused by a high-speed
train or subway are vital considerations in many aspects of the design of modern city structures. Of particular
geotechnical interest is the evaluation of the risk of liquefaction and shear failure of soft soils due to moving
loads. An assessment of the micro-vibrations induced by a moving train or subway is also important for civil
engineers to ensure that delicate instruments function properly.
There have been numerous investigations into the dynamic response of a half-space medium subjected to a
moving point load since the 1950s. For example, Sneddon (1951) was the ﬁrst to consider the two-dimensional
problem of a line load moving with constant subsonic speed over the surface of a homogeneous elastic half-0020-7683/$ - see front matter  2006 Elsevier Ltd. All rights reserved.
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cases were addressed by other researchers (Cole and Huth, 1958; Fung, 1965; Fryba, 1999). A homogeneous
3D elastic half-space subjected to forces moving at constant speed was studied by Eason (1965) using the dou-
ble Fourier transformation method. Payton (1967) considered the transient problem for a line load applied
suddenly and then moving with a constant speed on the surface of an elastic half-space. Based on the
TRM (transmission and reﬂection matrices) methodology proposed by Apsel (1979), de Barros and Luco
(1994) developed an approach for treating a multilayered viscoelastic half-space subjected to a buried or sur-
face point load moving at constant subsonic, transonic or supersonic speeds.
Due to the occurrence of high speed and magnetically levitated trains, the interaction between a moving
load and its surrounding media has recently attracted further research interest. For example, Gonzalez and
Abascal (2004) developed a boundary-element method for moving loads in a linear viscoelastic medium. Using
time domain Green’s function, Rasmussen et al. (2001) established a time domain boundary-element method
for moving load problems in isotropic elastic media. A layered half-space subjected to a moving periodic load
as well as a train load was investigated by Grundmann et al. (1999). A comprehensive review and treatment of
moving load problems are presented by Fryba (1999). It is worth noting that there is also some research
addressing moving load problems for saturated porous media. For example, Burke and Kingsbury (1984) pre-
sented a closed-form analytical solution for a poro-elastic medium subjected to a traveling surface pressure.
Siddharthan et al. (1993) studied the dynamic response of a layered poro-elastic half-space by solving Biot’s
dynamic equations approximately. Jin et al. (2004) presented a semi-analytical treatment of a 2D half-plane
porous media subjected to a surface-moving line load. It should be noted that for high-speed trains and mag-
netically levitated trains, the speed of the train is very close to Rayleigh wave speeds or shear wave speeds of
saturated soft soils. Consequently, it is of practical signiﬁcance to analyze the dynamic interaction between
high-speed vehicles and the surrounding saturated porous media. However, all aforementioned investigations
are limited to the two-dimensional case. To the author’s knowledge there are no 3D solutions for a half-space
porous medium subjected to a moving point load available to date.
In this paper, a three-dimensional analytical solution for the dynamic response of a 3D half-space porous
medium subjected to a point load applied on the surface of the porous medium and moving with con-
stant speed is derived. In order to characterize the two phase system, Biot’s theory (Biot, 1956a,b, 1962)
is adopted in our analysis. The general solutions of Biot’s poro-elastic theory are outlined in Section 2.
Based on the obtained general solutions and boundary conditions along the surface of the half-space, the
boundary value problem is formulated in the frequency-wave-number domain and its solutions are presented
in Section 3. Finally, some numerical examples are presented to demonstrate the capacity of the proposed
model.
2. Biot’s poro-elastic model and its general solutions
2.1. Governing equations of Biot’s theory
The constitutive equations for a homogeneous porous medium have the form (Biot, 1962)rij ¼ 2leij þ kdije adijp ð2:1Þ
p ¼ aMeþM# ð2:2Þ
e ¼ ui;i ð2:3Þ
# ¼ wi;i ð2:4Þwhere ui and wi denote the average solid displacement and the inﬁltration displacement of the pore ﬂuid; eij
and e are the strain tensor and the dilatation of the solid skeleton; # is the volume of ﬂuid injection into unit
volume of bulk material; rij is the stress of bulk porous medium; p is the excess pore pressure and dij is the
Kronecker delta. Note that in this study, for the normal stress, extension is considered to be positive; for
the pore pressure, suction is considered to be negative. Moreover, k and l are Lame constants of the solid
skeleton; a andM are Biot parameters (Biot, 1941) accounting for the compressibility of the saturated porous
medium.
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owi
ot
ð2:5Þin which t denotes time.
The equations of motion for the bulk porous medium and a unit volume of the pore ﬂuid are expressed in
terms of the displacements ui and wilui;jj þ ðkþ a2M þ lÞuj;ji þ aMwj;ji ¼ qb€ui þ qf €wi ð2:6Þ
aMuj;ji þMwj;ji ¼ qf€ui þ m€wi þ
g
k
KðtÞ  _wi ð2:7Þwhere qb and qf denote the bulk density of the porousmedium and the density of the pore ﬂuid, qb = (1  /)qs +
/qf, qs is the density of the solid skeleton and / is the porosity of the porous medium; m = a1qf// and a1 is
tortuosity; g and k account for the viscosity of the pore ﬂuid and the permeability of the porous medium, respec-
tively and K(t) is a time-dependent viscosity correction factor which describes the transition behavior from vis-
cosity dominated ﬂow in the low frequency range towards inertia dominated ﬂow at high-frequency range (Biot,
1956b; Johnson et al., 1987; Pride et al., 1993); a superimposed dot on a variable denotes time derivative and a
star (*) between two quantities denotes time convolution.
For convenience, a reference length (aR), shear modulus (lR) and density (qR) are introduced and all phys-
ical quantities are non-dimensionalized as followsxi ¼
xi
aR
; ui ¼
ui
aR
; wi ¼
wi
aR
; qi ¼ qi
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ð2:8Þwhere xi, i = x, y, z denotes the coordinates in a Cartesian coordinate system, t represents time and F denotes
force, the quantities with asterisk are the non-dimensional quantities. In the remainder of this paper, all phys-
ical quantities are expressed in non-dimensional form and the superscript asterisks will be omitted for
simplicity.
To derive the general solutions for Biot’s equations in a Cartesian coordinate system, two kinds of Fourier
transformation are involved: the Fourier transformation with respect to time and frequency and the Fourier
transformation with respect to horizontal coordinates and horizontal wave numbers. In this paper, the Fourier
transformations for time and the two horizontal coordinates are deﬁned as followsf^ ðxÞ ¼
Z þ1
1
f ðtÞeixt dt; f ðtÞ ¼ 1
2p
Z þ1
1
f^ ðxÞeixt dx ð2:9Þ
f^ ðnÞ ¼
Z þ1
1
f ðxÞeinx dx; f ðxÞ ¼ 1
2p
Z þ1
1
f^ ðnÞeinx dn ð2:10Þ
f^ ðgÞ ¼
Z þ1
1
f ðyÞeigy dy; f ðyÞ ¼ 1
2p
Z þ1
1
f^ ðgÞeigy dg ð2:11Þwhere (t,x,y) denote time and the two horizontal coordinates, while x, n and g represent frequency and the
two horizontal wave numbers corresponding to x- and y-directions, respectively.
2.2. The potentials for Biot’s theory
In order to eliminate time derivatives in Eqs. (2.6) and (2.7), the Fourier transformation with respect to time
is performed on Eqs. (2.1)–(2.7) As a result, all the governing equations are transformed into the frequency
domain. Accordingly, the following derivations will be developed in the frequency domain. Based on the
Helmholtz decomposition method, the solid displacement in a Cartesian coordinate system (x,y,z) has the fol-
lowing decomposition
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where a caret denotes the Fourier transformation with respect to time, u^ and w^k; ðk ¼ 1; 2; 3Þ are the scalar and
vector potentials for the porous medium and eijk is the Levi–Civita symbol. Moreover, in the Cartesian coor-
dinate system (x,y,z), the vector potential w^k satisﬁes the following gauge conditionw^i;i ¼ 0 ð2:13Þ
Since two kinds of P waves (P1 wave and P2 wave) exist in the porous medium, the displacement in Eq.
(2.12) can be further represented byu^i ¼ u^;i þ eijkw^k;j ¼ u^f ;i þ u^s;i þ eijkw^k;j ð2:14Þ
where u^f and u^s denote scalar potentials corresponding to the P1 wave and the P2 wave of the porous med-
ium. As pointed out by Bonnet (1987), although two displacement vectors are used in Biot’s theory, there are
only four independent variables in the two-phase porous medium. Thus, the pore pressure has the following
expressionp^ ¼ Af u^f ;ii þ Asu^s;ii ð2:15Þ
where Af and AS are two frequency-dependent constants to be determined by the governing equations of Biot’s
theory.
Using the constitutive relation of the pore ﬂuid (Eq. (2.2)) and the frequency domain expression of Eq.
(2.7), the inﬁltration displacement of the pore ﬂuid has the formw^i ¼ 1b1
ðp;i  qfx2u^iÞ ð2:16Þin which b1 ¼ mx2  igxbK ðxÞ=k.
Similarly, using Eq. (2.2) in the frequency domain expression of (2.6) and substituting (2.16) into the result-
ing equation, then, the equation of motion for the bulk porous medium assumes the following formlu^i;jj þ ðkþ lÞu^j;ji  b2p^;i þ b3u^i ¼ 0 ð2:17Þ
where b2 ¼ a qfx2=b1, b3 ¼ qbx2  q2fx4=b1.
Applying the divergence operator on (2.16) and substituting the resulting divergence and (2.3) into Eq.
(2.2), the following equation is obtainedp^;ii þ b4p^ þ b5u^i;i ¼ 0 ð2:18Þ
where b4 = b1/M and b5 = ab1  qfx2.
Introducing (2.14) and (2.15) into Eqs. (2.17) and (2.18), we havef½ðkþ 2l b2AfÞu^f;jj þ b3u^f  þ ½ðkþ 2l b2AsÞu^s;jj þ b3u^sg;i þ eimk½lw^k;jj þ b3w^k;m ¼ 0 ð2:19Þ
f½Af u^f;jj þ ðb4Af þ b5Þu^f  þ ½Asu^s;jj þ ðb4As þ b5Þu^sg;kk ¼ 0 ð2:20ÞNote that satisfaction of Eqs. (2.19) and (2.20) requires the expressions in braces to vanish independently,
which yields the following equations for the potentials½ðkþ 2l b2AfÞu^f;jj þ b3u^f  þ ½ðkþ 2l b2AsÞu^s;jj þ b3u^s ¼ 0 ð2:21Þ
½Af u^f;jj þ ðb4Af þ b5Þu^f  þ ½Asu^s;jj þ ðb4As þ b5Þu^s ¼ 0 ð2:22Þ
lw^k;jj þ b3w^k ¼ 0 ð2:23ÞEqs. (2.21) and (2.22) are satisﬁed, if u^f and u^s satisfy the following Helmholtz equationsr2u^f þ k2f u^f ¼ 0 ð2:24Þ
r2u^s þ k2s u^s ¼ 0 ð2:25Þin which kf and ks are are determined by the compatibility between (2.21) and (2.22)
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b3
kþ 2l b2Af
¼ b4Af þ b5
Af
ð2:26Þ
k2s ¼
b3
kþ 2l b2As
¼ b4As þ b5
As
ð2:27ÞBased on (2.26) and (2.27), the following equation for Af and As is obtainedA2f ;s þ
b3 þ b2b5  ðkþ 2lÞb4
b2b4
Af ;s  ðkþ 2lÞb5b2b4
¼ 0 ð2:28ÞMoreover, Eq. (2.23) can be further simpliﬁed asr2bw þ k2t bw ¼ 0; k2t ¼ b3=l ð2:29Þ
The complex kf, ks and kt in (2.24), (2.25) and (2.29) are the complex wave numbers for the P1, P2 and the S
wave of the porous medium and in order to guarantee the attenuation of the body waves inside the porous
medium, Im(kf), Im(ks) and Im(kt) should be non-positive. Moreover, since the P1 wave inside the porous
medium propagates faster than the P2 wave, the values of Af and As should be chosen to make kf and ks
deﬁned in (2.26) and (2.27) always satisfy the inequality Re(kf) 6 Re(ks). It should be pointed out that similar
Helmholtz equations for the potentials were derived by Zimmerman and Stern (1993) based on a diﬀerent for-
mulation of Biot’s theory (Biot, 1956a). Herein, we obtained Helmholtz equations for the potentials based on
the Biot (1962) theory for acoustic waves.
Once the potentials for the porous medium are determined by Eqs. (2.24), (2.25) and (2.29), the displace-
ments and the pore pressure are given by Eqs. (2.14) and (2.15), while the inﬁltration displacement of the pore
ﬂuid is determined by Eq. (2.16) and the stress of the porous medium is determined by Eq. (2.1).2.3. General solutions in a Cartesian coordinate system
For a static point force applied on the surface of a half-space, due to the axisymmetric property of the point
force, it is more convenient to consider the problem in a cylindrical coordinate system. However, for a moving
point force, axisymmetry is lost due to the orientation of the load velocity. Thus, it is more convenient to con-
sider the current moving load problem in a Cartesian coordinate system.
In the Cartesian coordinate system (x,y,z), as shown in Fig. 1, applying the Fourier transformation with
respect to the horizontal coordinates (x,y) to (2.24), (2.25) and (2.29), the following ordinary diﬀerential equa-
tions with respect to the vertical coordinate (z) are obtainedx
Fn
Ft v
o
a half-space porous medium
y
z
surface of the half space
n
Fig. 1. A half-space porous medium subjected to a moving point load moving with a constant speed.
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dz2
 ðn2 þ g2  k2f Þ~uf ¼ 0 ð2:30Þ
d2~us
dz2
 ðn2 þ g2  k2s Þ~us ¼ 0 ð2:31Þ
d2~wi
dz2
 ðn2 þ g2  k2t Þ~wi ¼ 0 for i ¼ x; y; z ð2:32Þwhere a tilde denotes the combination of the Fourier transformation with respect to time and the double Fou-
rier transformation with respect to the horizontal coordinates (x,y); and n and g are the horizontal wave num-
bers deﬁned in (2.10) and (2.11).
Similarly, applying the Fourier transformations with respect to the horizontal coordinates (x,y) to Eq.
(2.13), we haved2~wz
dz
¼ in~wx  ig~wy ð2:33ÞIt is worth noting that for the porous medium in the Cartesian coordinate system, due to the gauge con-
dition (2.33), only two components of the vector potential ~wi; i ¼ x; y; z are independent. In this study, the
potential ~wx and ~wy are evaluated by the ﬁrst two diﬀerential equations in (2.32), while the component ~wz is
calculated by Eq. (2.33).
Solution of the ordinary diﬀerential equations in (2.30)–(2.32) yields the following general solutions for the
frequency-wave-number domain potentials~uf ¼ Aðx; n; gÞecsz þ Bðx; n; gÞecfz ð2:34Þ
~us ¼ Cðx; n; gÞecsz þ Dðx; n; gÞecsz ð2:35Þ
~wx ¼ Eðx; n; gÞectz þ F ðx; n; gÞectz ð2:36Þ
~wy ¼ Gðx; n; gÞectz þ Hðx; n; gÞectz ð2:37Þwhere A(x,n,g)  H(x,n,g) are the arbitrary constants to be determined by the boundary conditions
and c2f ¼ n2 þ g2  k2f , c2s ¼ n2 þ g2  k2s , c2t ¼ n2 þ g2  k2t . The branches of cf, cs, ct are chosen to satisfy
Re(cf)P 0, Re(cs)P 0 and Re(ct)P 0.
Substituting Eqs. (2.36) and (2.37) into Eq. (2.33), we have the expression for ~wz as,~wz ¼  ict
½nEðx; n; gÞ þ gGðx; n; gÞectz þ i
ct
½nF ðx; n; gÞ þ gHðx; n; gÞectz ð2:38Þ3. Formulation of the boundary-value problem and corresponding solutions
A half-space porous medium subjected to a point load moving with constant speed is considered in this
study (see Fig. 1). For the Cartesian coordinate system (x,y,z), to guarantee the boundedness of the solution
for the current problem, constants A(x,n,g), C(x,n,g), E(x,n,g), G(x,n,g) in Eqs. (2.34)–(2.38) should van-
ish. Then, the displacement (~ux, ~uy and ~uz) and pore pressure (p) can be written as~ux ¼ Hðx; n; gÞctectz þ inBðx; n; gÞecfz þ inDðx; n; gÞecsz 
g
ct
½nF ðx; n; gÞ þ gHðx; n; gÞectz ð3:1Þ
~uy ¼ F ðx; n; gÞctectz þ igBðx; n; gÞecfz þ igDðx; n; gÞecsz þ
n
ct
½nF ðx; n; gÞ þ gHðx; n; gÞectz ð3:2Þ
~uz ¼ Bðx; n; gÞctectz  Dðx; n; gÞcsecsz  i½gF ðx; n; gÞ  nHðx; n; gÞectz ð3:3Þ
~p ¼ Bðx; n; gÞAfk2f ecfz  Dðx; n; gÞAsk2s ecsz ð3:4Þ
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~rxx; ~ryy ; ~rzz; ~rxy ; ~rzx; ~rzy have the following expressions~rxx ¼k½Bðx;n;gÞk2f ecfz þDðx;n;gÞk2s ecsz  þ 2ilnHðx;n;gÞctectz
þ inBðx;n;gÞecfz þ inDðx;n;gÞecsz  g
ct
ectz ½nF ðx;n;gÞþ gHðx;n;gÞ a~p ð3:5Þ
~ryy ¼k½Bðx;n;gÞk2f ecfz þDðx;n;gÞk2s ecsz  þ 2ilng F ðx;n;gÞctectz
þ igBðx;n;gÞecfz þ igDðx;n;gÞecsz þ n
ct
ectz þ ½nF ðx;n;gÞþ gHðx;n;gÞ a~p ð3:6Þ
~rzz ¼k½Bðx;n;gÞk2f ecfz þDðx;n;gÞk2s ecsz 
þ 2l½Bðx;n;gÞc2f ecfz þDðx;n;gÞc2s ecsz þ iF gðx;n;gÞctgectz  iHðx;n;gÞctn; rctz   a~p ð3:7Þ
~rxy ¼ l ig Hðx;n;gÞctectz þ iBðxngÞnecfz þ iDðx;n;gÞnecsz 
g
ct
ectz ðnF ðx;n;gÞþ gHðx;n;gÞÞ
 
þin F ðx;n;gÞectz þ iBðx;n;gÞgðx;n;gÞecfz  iDðx;n;gÞgecsz þ n
ct
ectz ðnF ðx;n;gÞþ gHðx;n;gÞÞ
 
ð3:8Þ
~rzx ¼ lfHðx;n;gÞc2t ectz þ iBðx;n;gÞncecfz  iDðx;n;gÞncsecsz þ ectz g½nF ðx;n;gÞþ gHðx;n;gÞ
þ in½Bðx;n;gÞcf ecfz Dðx;n;gÞcxecsz  iF ðx;n;gÞgectz þ iHðc;n;gÞnectz g ð3:9Þ
~rzy ¼ lfF ðx;n;gÞc2t ectz  iBðx;n;gÞgcf ecfz  iDðx;n;gÞgcsecsz  ectz n½nF ðx;n;gÞþ gHðx;n;gÞ
þ ig½Bðx;n;gÞcf ecfz Dðx;n;gÞcsecsz  iF ðx;n;gÞgectz þ iHðx;n;gÞnectz g ð3:10ÞSimilarly, using the Fourier transformation with respect to the horizontal coordinates x, y, the inﬁltration
displacement of the pore ﬂuid can be determined by using Eq. (2.16) and (3.1)–(3.4). In order to limit the
length of the current paper, the expressions for the inﬁltration displacement will not be listed here.
In this study, it is assumed that the point force moves along the positive direction of the x-axis with con-
stant speed v. Therefore, for a moving normal and tangent load with magnitude Fn and Ft and applied on the
surface of the half-space porous medium (see Fig. 1), the boundary conditions have the following formrzzðx; y; z; tÞjz¼0 ¼ F ndðx vtÞdðyÞ ð3:11Þ
rzxðx; y; z; tÞjz¼0 ¼ F tdðx vtÞdðyÞ ð3:12Þ
rzyðx; y; z; tÞjz¼0 ¼ 0 ð3:13Þwhere d(•) is the Dirac-d function. Note that the negative signs in (3.11) and (3.12) are due to the direction of
the normal of the half-space surface being opposite to the base vector of the z-axis (Fig. 1).
If the half-space surface is completely permeable, the pore pressure at the surface should vanish
(Deresiewicz and Skalak, 1963)pðx; y; z; tÞjz¼0 ¼ 0: ð3:14Þ
On the other hand, if the half-space surface is fully impermeable, then, the following hydrodynamic boundary
condition holds (Deresiewicz and Skalak, 1963)qzðx; y; z; tÞjz¼0 ¼
owzðx; y; 0; tÞ
ot
¼ 0 ð3:15ÞApplying the Fourier transformation with respect to t, x and y on Eq. (3.11), the boundary conditions of
stresses in the frequency-wave-number domain can be derived as~rzzðn; g; z;xÞ ¼ F n
Z 1
1
eixt
Z þ1
1
dðx vtÞeinx dx
Z 1
1
dðyÞeigy dy
  
dt
¼ F n
Z 1
1
eiðxþnvÞt dt ¼ 2pF ndðxþ nvÞ ð3:16Þ
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~rzyðn; g; z;xÞjz¼0 ¼ 0 ð3:18ÞAgain, triple Fourier transformation of Eq. (3.14) leads to the following hydrodynamic boundary condition
for the permeable boundary~pðn; g; z;xÞjz¼0 ¼ 0 ð3:19Þ
In the frequency-wave-number domain, the impermeable hydrodynamic boundary condition is obtained using
(3.15)~qzðn; g; z;xÞjz¼0 ¼ ix~wzðn; g; z;xÞjz¼0 ¼ 0 ð3:20Þ
Based on Eqs. (3.16)–(3.18), (3.19) or (3.20) and (3.1)–(3.10), the arbitrary constants B(n,g,z,x), D(n,g,z,x),
F(n,g,z,x) and H(n,g,z,x) can be determined. To limit the length of this paper, the expressions of the arbi-
trary constants for all the cases will not be listed here. However, for a porous half-space subjected to normal
and a tangent load Fn, Ft and with permeable hydrodynamic boundary, the expressions for the four arbitrary
constants B(n,g,z,x), D(n,g,z,x), F(n,g,z,x) and H(n,g,z,x) are given in the Appendix.
Substituting the obtained constants B(n,g,z,x), D(n,g,z,x), F(n,g,z,x) and H(n,g,z,x) into Eqs. (3.1)–
(3.10), the frequency-wave-number domain expressions for the displacements, stresses and pore pressure
are obtained. The time–space domain solution can be retrieved by triple inverse Fourier transformation
with respect to x, n and g, respectively. It is noted that due to the presence of the factor d(x + nv) in all
the expressions for the displacements, stresses and pore pressure, the inverse Fourier transformation with
respect to frequency x can be accomplished analytically (Eason, 1965). However, since the time-wave-number
domain expressions for the displacements, the stresses and the pore pressure are very complicated, the inverse
Fourier transformation with respect to the horizontal wave numbers n and g can only be implemented
numerically.
To illustrate the implementation of the triple inverse Fourier transformation to the variables in Eqs. (3.1)–
(3.10), ~X is used to represent all the frequency-wave-number domain variables in (3.1)–(3.10). Without losing
generality, considering the surface of the half-space subjected to a moving concentrated normal load Fn with a
constant velocity v, then, the expression of ~X can always be written as follows~Xðn; g; z;xÞ ¼ F ndðxþ nvÞ~Xðn; g; z;xÞ ð3:21Þ
The integral representation of X(x,y,z, t) in the time–space domain has the following formXðx; y; z; tÞ ¼ 1
2p
 3 Z þ1
1
Z þ1
1
Z þ1
1
F ndðxþ nvÞ~Xðn; g; z;xÞeiðxtþnxþgyÞ dxdndg ð3:22ÞUsing the property of the Dirac-d function, the above integral can be reduced toXðx; y; z; tÞ ¼ 1
2p
 3 Z þ1
1
Z þ1
1
F n ~Xðn; g; z;nvÞeinðxvtÞþigy dndg ð3:23ÞLet x 0 = x  vt, then, X(x 0,y,z) will become time-independent, which means that if a moving reference frame
(x 0,y,z) is ﬁxed on the moving load, the response of the porous medium measured in the moving reference
frame is time-independent. Physically, this circumstance is due to the fact that if a load has been moving
for a very long time, then a steady state will be achieved in the moving reference frame attached to the moving
load.
4. Numerical examples
In above section, the time–space domain solutions were reduced to integral representation (3.23). In this
study, the quadrature routine available in IMSL is used to accomplish the double inﬁnite integration in
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and the pole in the expression of P(n,x) (see the Appendix) are complex. Thus, the inﬁnite integrations in
(3.23) with respect to the horizontal wave numbers n and g are free of any singularity in the path of
integration.
It follows from Eqs. (3.22) and (3.23), that the frequency components of the response of the porous medium
are dependant on the velocity of the moving load. For high-velocity moving loads, high frequency components
are involved. Therefore, the low frequency Biot’s theory (Biot, 1956a) is not appropriate for treating high-
speed moving load problems. To describe the high-frequency drag force between the solid skeleton and the
pore ﬂuid, JKD model (Johnson et al., 1987) is incorporated with Biot’s theory (Biot, 1956b) in the present
model. JKD model can provide an adequate approximation for many porous media (Johnson et al., 1987;
Pride et al., 1993); also, it can treat lower frequency and higher frequency drag force consistently. According
to Johnson et al. (1987), the frequency domain viscosity correction function corresponding to the time domain
K(t) in (2.7) assumes the formFig. 2.
frequebK ðxÞ ¼ 1þ i x
xc
ag
 1=2
; xc ¼ g/qfa1k
ð4:1Þwhere xc is transition frequency which separates viscous-force-dominated ﬂow from inertial-force-dominated
ﬂow and ag is the pore geometry term which is commonly equal to 1/2. for many porous media (Johnson et al.,
1987; Pride et al., 1993).
4.1. Dynamic response of three points with coordinates y = 1.0, z = 1.0 and x 0 = 1.0,0.0, 1.0
In this section, the dynamic response of three points with coordinates y = 1.0, z = 1.0 and x 0 = 1.0,0.0, 1.0,
respectively, is calculated. The surface of the half-space is subjected to a moving normal load Fn which is
located at (x 0,y,z) = (0,0,0) and the surface of the half-space porous medium is assumed to be permeable.
The material parameters of the half-space are chosen as follows: l = 1.0, k = 0.3333, qs = 2.5, qf = 1.0,
/ = 0.3, a = 0.95,M = 1.67, g = 5.774 · 1010 and k = 1.0 · 1013. The speed of the moving load v/vSH varies
from 0.0 to 1.325 where vSH is deﬁned as vSH ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
l=qb
p
. The reference length, reference shear modulus and
reference density are chosen as follows: aR = 1.0 m, lR = 3.0 · 109 Pa and qR = 1.0 · 103 kg/m3.
It should be pointed out that the response of the porous medium is related to the Rayleigh wave velocity
and the body waves velocities of the porous medium. In view of this, the shear wave velocity vt (Biot, 1962)
and the Rayleigh wave velocity vR (Jones, 1961) of the porous medium are calculated. The ratio vt/vSH and the
ratio vR/vSH versus non-dimensional frequency are plotted in Fig. 2. The calculation range of non-dimensional0 8 16 24 32 40 48 56
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Variation of the velocities of the shear wave vt/vSH and the Rayleigh wave vR/vSH of the porous medium versus non-dimensional
ncy with frequency ranging between 0 and 57.7350.
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are only slightly dispersive in the calculation range: vt/vSH varies from 1.0 to 1.08, while vR/vSH ranges between
0.925 and 0.93.
Fig. 3 illustrates the variations of ux/Fn, uy/Fn, uz/Fn, rzx/Fn, rzz/Fn, p/Fn versus the moving speed of the
load for the three cases. Fig. 3 shows ux/Fn, uy/Fn, uz/Fn, rzx/Fn, rzz/Fn, p/Fn increase slightly with increasing
v/vSH when the speed v/vSH is low. However, when velocity v/vSH approaches 0.9 (roughly around the Rayleigh
wave speed at frequency range of Fig. 2), all the calculated values increase signiﬁcantly. Moreover, when v/vSH
is small, responses at the point (x 0,y,z) = (1.0,1.0, 1.0) and the point (x 0,y,z) = (1.0,1.0,1.0) are symmetric
with respect to the y-axis. However, when v/vSH increases, the eﬀects of the moving load and the eﬀects of the S
wave Mach cone become obvious, and therefore, the symmetry between the responses at the two points is lost.
Fig. 3(a) indicates that for a lower value of v/vSH, compared with the other two points, ux/Fn at point
(x 0,y,z) = (0,1.0, 1.0) is very small. Nevertheless, when v/vSH is larger than 0.9 (around the Rayleigh wave
speed at frequency range of Fig. 2), ux/Fn at the point (x
0,y,z) = (0,1.0,1.0) increases dramatically. It is also
observed from Fig. 3(a) that the maximum ux/Fn occurs at the point (x
0,y,z) = (1.0,1.0,1.0) when the speed
of the load is around 0.95, which is again very close to the Rayleigh wave speed in Fig. 2. For displacement
uy/Fn (Fig. 3(b)), when v/vSH is low, uy/Fn at the point (x
0,y,z) = (0,1.0,1.0) is larger than those at the other
two points. However, when v/vSH is larger than 0.9, uy/Fn at the point (x
0,y,z) = (1.0,1.0, 1.0) increases
greatly and it achieves a maximum among the three values. Displacement uz/Fn at the point
(x 0,y,z) = (0,1.0, 1.0) is larger than those at the other two points. Moreover, maximum uz/Fn among the three
points occurs at the point (x 0,y,z) = (0,1.0,1.0). Stresses rzx/Fn and rzz/Fn at the three points are very small
when the speed v/vSH is lower than 0.9. However, the values of rzx/Fn and rzz/Fn at the three points have an
obvious increment when v/vSH approaches 0.9. When v/vSH is larger than 0.9, the values of rzx/Fn and rzz/Fn at
the points (x 0,y,z) = (0,1.0,1.0) and (x 0,y,z) = (1.0,1.0, 1.0) decrease with further increasing v/vSH; however,
rzx/Fn and rzz/Fn at point (x 0, y,z) = (1.0,1.0, 1.0) achieves a maximum far larger than the peak value
around v/vSH = 0.9, which is due to the eﬀects of Mach cone of the S wave. For the three points, the pore
pressure is positive when v/vSH is lower than 0.9. Moreover, the pore pressure at the point
(x 0,y,z) = (0,1.0, 1.0) is larger than those at the other two points. When v/vSH is larger than 0.9, negative pore
pressures occur at the points (x 0,y,z) = (0,1.0,1.0) and (x 0,y,z) = (1.0,1.0, 1.0) while the pore pressure at the
point (x 0,y,z) = (1.0,1.0,1.0) remains positive. Moreover, when v/vSH equals to 0.92, pore pressure reaches a
maximum at the point (x 0,y,z) = (0,1.0, 1.0). It is worth noting that the occurrence of the negative pore pres-
sure increases the risk of the liquefaction of the liqueﬁable surrounding porous medium.
4.2. The response of the points with y = 1.0, z = 1.0 and 2.0 6 x 0 6 2.0
In this section, the dynamic response of the points with coordinates 2.0 6 x 0 = x  vt 6 2.0 and
y = z = 1.0 for diﬀerent load speeds is calculated. The half-space porous medium is subjected to a moving nor-
mal point load Fn which is located at (x
0,y,z) = (0,0,0) and the surface of the half-space porous medium is
assumed to be permeable. The material parameters of the porous medium are chosen as follows: l = 1.0,
k = 0.3333, qs = 2.5, / = 0.3, a = 0.95, M = 1.67, g = 5.774 · 1010, k = 1.0 · 1013. Three cases correspond-
ing to v/vSH = 0.1, v/vSH = 0.5 and v/vSH = 0.9 are calculated, where vSH is deﬁned as vSH ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
l=qb
p
. Fig. 4
plots the variation of ux/Fn, uy/Fn, uz/Fn, rzx/Fn, rzz/Fn, p/Fn versus coordinate x 0 for the three cases. The ref-
erence length, shear modulus and density assume the same values as in Section 4.1.
Fig. 4 shows all the values of ux/Fn, uy/Fn, uz/Fn, rzx/Fn, rzz/Fn, p/Fn increase with increasing load speed. It
should be noted that the diﬀerences of ux/Fn, uy/Fn, uz/Fn, rzx/Fn, rzx/Fn, p/Fn between the case v/vSH = 0.1
and the case v/vSH = 0.5 are smaller than those between the case v/vSH = 0.5 and the case v/vSH = 0.9, which
is obviously due to the fact that speed 0.9 is very close to the Rayleigh wave speed of the porous medium
(Fig. 2). Moreover, since the velocity v/vSH in this example is smaller than those of the S wave (Fig. 2) and
P1 wave of the porous medium, the Mach cones of the S wave and the P1 wave in the porous medium do
not occur in the example. Therefore, the values of ux/Fn, uy/Fn, uz/Fn, rzx/Fn, rzz/Fn, p/Fn are nearly symmetric
with respect to the moving point load. It follows form Fig. 4(b), for points near the normal point load, uy/Fn of
the higher speed (v/vSH = 0.9) is larger than those of the lower speeds (v/vSH = 0.1 and v/vSH = 0.5), whereas
for points far from the normal point load, uy/Fn of the high speed is smaller than those for the lower speeds.
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Fig. 3. Dynamic response of three points with coordinates x 0 = 1.0, 0.0, 1.0 and y = z = 1.0 in a half-space porous medium subjected to
a moving normal point load Fn with velocity ranging between v/vSH = 0.0 and v/vSH = 1.325: (a) horizontal displacement ux/Fn;
(b) horizontal displacement uy/Fn; (c) vertical displacement uz/Fn; (d) stress rzx/Fn; (e) stress rzz/Fn; (f) pore pressure p/Fn.
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Fig. 4(f) indicates that for points near the moving load, the pore pressure increases with increasing v/vSH, while
for the points far from the load, the pore pressure decreases with increasing v/vSH. Furthermore, for the case
v/vSH = 0.9, negative pore pressure occurs at the points far from the load.
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Fig. 4. Dynamic response of the points with 2.0 6 x 0 6 2.0 and y = z = 1.0 in a half-space porous medium subjected to a moving normal
point load Fn with velocity v/vSH = 0.1, 0.5, 0.9, respectively: (a) horizontal displacement ux/Fn; (b) horizontal displacement uy/Fn;
(c) vertical displacement uz/Fn; (d) stress rzx/Fn; (e) stress rzz/Fn; (f) pore pressure p/Fn.
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A closed-form solution in the frequency-wave-number domain for a half-space porous medium subjected to
a moving point load has been derived in the paper. The time–space domain solution is retrieved by the
J.-F. Lu, D.-S. Jeng / International Journal of Solids and Structures 44 (2007) 573–586 585analytical inversion of the Fourier transformation with respect to frequency together with the numerical inver-
sion of the double Fourier transformation with respect to two horizontal wave numbers. Our solutions are
useful for transportation engineering and civil engineering. More importantly, the proposed solution can be
used to verify various numerical methods treating moving load problems of porous media. Numerical calcu-
lations in our paper show moving loads have very complicated eﬀects on the dynamic response of the porous
medium. Roughly speaking, a moving load with a high speed will generate a larger response in the porous
medium than a static or a lower speed load. In particular, when the velocity of a moving load approaches
the velocities of the surface or body waves of a porous medium, the response of the porous medium will
increase dramatically and exhibit an oscillating characteristic.
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Appendix
The four constants B(n,g,x), D(n,g,x), F(n,g,x) and H(n,g,x) for moving point normal and tangent loads
Fn, Ft when the boundary of the porous half-space is permeable are given as followsBðn; g;xÞ ¼ dðxþ nvÞ
Pðn;xÞ Ask
2
s ðn2 þ g2  c2t ÞðF nðn2 þ g2 þ c2t Þ  2inctF tÞ ðA:1Þ
Bðn; g;xÞ ¼ dðxþ nvÞ
Pðn;xÞ Afk
2
f ðc2t  n2  g2ÞðF nðn2 þ g2 þ c2t Þ  2inctF tÞ ðA:2Þ
F ðn; g;xÞ ¼  dðxþ nvÞ
lPðn;xÞ ð2gðAsk
2
s ðF tnðkk2f þ 2cflðct  cfÞÞ þ icflF nðc2t  n2  g2ÞÞ
þ Afk2f ðF tnðkk2s þ 2cslðct  csÞÞ  icslF nðc2t  n2  g2ÞÞÞÞ ðA:3Þ
Hðn; g;xÞ ¼ dðxþ nvÞ
lPðn;xÞ ðAsk
2
s ðkk2f F tðc2t  n2 þ g2Þ þ 2lcfðinF nðn2 þ g2  c2t Þ
þ F tð2ctg2  cfðc2t  n2 þ g2ÞÞÞÞ þ Afk2f ðkk2sF tðc2t  n2 þ g2Þ
þ 2lcsðinF nðn2 þ n2  c2t Þ þ F tð2ctg2 þ csðc2t  n2 þ g2ÞÞÞÞÞ ðA:4Þ
Pðn;xÞ ¼ ðn2 þ g2  c2t ÞðAsk2s ðkk2f ðn2 þ g2 þ c2t Þ  2lcfð2ctðn2 þ g2Þ þ cfðn2 þ g2 þ c2t ÞÞÞ
 2lcfð2ctðn2 þ g2Þ þ cfðn2 þ g2 þ c2t ÞÞÞ
 Afk2f ðkk2s ðn2 þ g2 þ c2t Þ þ 2lcsð2ctðn2 þ g2Þ þ csðn2 þ g2 þ c2t ÞÞÞ: ðA:5ÞReferences
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